Published by Institute of Physics Publishing for SISSA/ISAS Received: January 20, 2004 Revised: March 15, 2004 Accepted: March 29, 2004

Super Yang-Mills theories on the two-dimensional lattice with exact supersymmetry

Fumihiko Sugino

School of Physics & BK-21 Physics Division, Seoul National University Seoul 151-747, Korea E-mail: sugino@phya.snu.ac.kr

Abstract: We construct super Yang-Mills theories with N = 2, 4 supersymmetries on the two-dimensional square lattice keeping one or two supercharges exactly. Along the same line as the previous paper [1], the construction is based on topological field theory formulation. We present two kinds of modifications of the action which preserve the exact supersymmetry and resolve the problem of degenerate classical vacua encountered in the previous paper. Any supersymmetry breaking terms do not need to be introduced, and the formulations exactly realize some of supersymmetries at the lattice level. Our lattice actions flow to the desired continuum theories without any fine tuning of parameters.

Keywords: Topological Field Theories, Lattice Quantum Field Theory, Lattice Gauge Field Theories, Extended Supersymmetry.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep032004067 /jhep032004067 .pdf

Contents

1. Introduction 1

2. Brief review of lattice actions 2 2.1 N = 2 case 2 2.2 N = 4 case 4

3. Modification of Φ(x) 7

4. Admissibility conditions 10

5. Summary and discussions 13

1. Introduction

Lattice formulations of supersymmetric theories have a long history and still have continued to be vigorously investigated [2]–[9].^1 Recently, for super Yang-Mills (SYM) theories, an interesting approach motivated from the idea of deconstruction was presented [11, 12].^2 Also, various theories without gauge symmetry were discussed based on the connection to topological field theory [15].

In the previous paper [1], we constructed SYM theories with extended supersymmetry on the hypercubic lattices of various dimensions. The construction is based on topological field theory formulation [16, 17], and keeps one or two supercharges manifestly. The gauge fields are expressed as ordinary compact unitary variables on the lattice links. The lattice actions have a number of the classical vacua with the degeneracy growing as exponential of the number of plaquettes, which makes unclear their connection to the perturbative regime of the SYM theories. In order to resolve the degeneracy and to single out the vacuum corresponding to the target theory, we added to the action some supersymmetry breaking term which is tuned to vanish in the continuum limit.

In this paper, the same kind of lattice models are considered for N = 2, 4 supersymmetries in two-dimensions. We make suitable modifications to the action so that the vacuum degeneracy is completely resolved with keeping the exact supersymmetry. Two such modifications are presented here. One is a simple modification of the function Φ(x) in the lattice actions as Φ(x) → Φ(x) + ΔΦ(x), that works well for the gauge group SU(N). The other is to impose the so-called admissibility conditions on plaquette variables similar to those for gauge fields coupled to the Ginsparg-Wilson fermions [18]. It will be applicable to

1For a recent review, see [10]. 2For related works, see [13, 14].

– 1 – more general cases not restricted to the SU(N) gauge group. Because both of modifications maintain the exact supersymmetry possessed by the original models in [1], we do not have to add any supersymmetry breaking terms. The supersymmetry is exactly realized at the lattice level in the SYM theories.

This paper is organized as follows. In section 2, we briefly review the lattice actions constructed in [1] for the N = 2, 4 theories in two-dimensions. In section 3, we discuss on the modification Φ(x) → Φ(x) + ΔΦ(x) to resolve the problem of degenerate vacua. In section 4, we impose the admissibility conditions on plaquette variables, where the exact supersymmetry is preserved by doing a similar modification to the action as in ref. [19]. Section 5 is devoted to the summary and discussions.

Throughout this paper, we consider the gauge group G = SU(N) and the twodimensional square lattice. Gauge fields are expressed as compact unitary variables

U_μ(x) = e^{iaAμ(x)} (1.1)

on the link (x, x + μ̂). ‘a’ stands for the lattice spacing, and x ∈ Z^2 the lattice site. All other fields are put on the sites and expanded by a basis of N × N traceless hermitian matrices T^a (a = 1, · · · , N^2 − 1).

2. Brief review of lattice actions

We briefly review the lattice actions of two-dimensional N = 2, 4 SYM theories discussed in [1].

2.1 N = 2 case

Other than the gauge variables U_μ(x), the N = 2 theory has complex scalars ϕ(x), ϕ̄(x), and fermions are denoted as ψ_μ(x), χ(x), η(x) [16]. They are transformed under the exact supersymmetry Q as QU_μ(x) = iψ_μ(x)U_μ(x) , Qψ_μ(x) = iψ_μ(x)ψ_μ(x) − i ( ϕ(x) − U_μ(x)ϕ(x + μ̂)U_μ(x)^† ) , Qϕ(x) = 0 , Qχ(x) = H(x) , QH(x) = [ϕ(x), χ(x)] , Qϕ̄(x) = η(x) , Qη(x) = [ϕ(x), ϕ̄(x)] , (2.1) where H(x) is an auxiliary fields. Q is nilpotent up to an infinitesimal gauge transformation with the parameter ϕ(x). In the expansion H(x) = ∑ a H^a(x)T^a, coefficients H^a(x) are real. ϕ^a(x), ϕ̄^a(x) are complex, and the fermionic variables ψ^a_μ(x), χ^a(x), η^a(x) may be regarded as complexified Grassmann^3 to be compatible to the U(1)_R rotations (2.5). Notice that in the path integral ϕ^a(x) and ϕ̄^a(x) can be treated as independent variables and that each of H^a(x) is allowed to be shifted by a complex number. Thus, (2.1) is consistently closed in the path integral expression of the theory.

3A complexified Grassmann number takes the form: (complex number) × (real Grassmann number).

– 2 –

The lattice action is

S^{LAT}_{N =2} = Q 1 2g^2_0 ∑ x tr [ 1 4 η(x) [ϕ(x), ϕ̄(x)] − iχ(x)Φ(x) + χ(x)H(x) +

+ i 2∑ μ=1 ψ_μ(x) ( ϕ̄(x) − U_μ(x)ϕ̄(x + μ̂)U_μ(x)^† ) ] , (2.2)

where Φ(x) = −i [U_{12}(x) − U_{21}(x)] , (2.3) U_{μν} (x) are plaquette variables written as

U_{μν} (x) ≡ U_μ(x)U_ν (x + μ̂)U_μ(x + ν̂)^†U_ν (x)^† . (2.4)

The action (2.2) is clearly Q-invariant from its Q-exact form. Also, the invariance under the following global U(1)_R rotation holds: U_μ(x) → U_μ(x) , ψ_μ(x) → e^{iα}ψ_μ(x) , ϕ(x) → e^{2iα}ϕ(x) , χ(x) → e^{−iα}χ(x) , H(x) → H(x) , ϕ̄(x) → e−2iαϕ̄(x) , η(x) → e−iαη(x) . (2.5) The U(1)_R charge of each variable is read off from (2.5), and Q increases the charge by one.

After acting Q in the r.h.s. of (2.2), the action is expressed as

S^{LAT}_{N =2} = 1 2g^2_0 ∑ x tr [ 1 4 [ϕ(x), ϕ̄(x)]^2 + H(x)^2 − iH(x)Φ(x) +

+ 2∑ μ=1 ( ϕ(x) − U_μ(x)ϕ(x + μ̂)U_μ(x)^† )( ϕ̄(x) − U_μ(x)ϕ̄(x + μ̂)U_μ(x)^† ) − − 1 4 η(x)[ϕ(x), η(x)] − χ(x)[ϕ(x), χ(x)] − − 2∑ μ=1 ψ_μ(x)ψ_μ(x) ( ϕ̄(x) + U_μ(x)ϕ̄(x + μ̂)U_μ(x)^† ) +

+ iχ(x)QΦ(x) − i 2∑ μ=1 ψ_μ(x) ( η(x) − U_μ(x)η(x + μ̂)U_μ(x)^† )] . (2.6)

Integration of H(x) induces Φ(x)^2 term, which yields the gauge kinetic term as the form 1 2g^2_0 ∑ x tr [ −(U_{12}(x) − U_{21}(x))^2 ] , (2.7)

which leads a number of the classical vacua

U_{12}(x) = ±1 .. . ±1 (2.8)

– 3 – up to gauge transformations, where any combinations of ±1 with ‘−1’ appearing even times are allowed in the diagonal entries. Since an arbitrary configuration of (2.8) can be taken for each plaquette, it leads the degeneracy growing as exponential of the number of plaquettes. In order to investigate the dynamics of the model, we need to sum up contributions from all of the minima, and the ordinary weak field expansion around a single vacuum U_{12}(x) = 1 can not be justified.

2.2 N = 4 case

In the N = 4 theory, scalar fields B(x), C(x) appear as well as ϕ(x) and ϕ̄(x). Auxiliary fields H̃_μ(x), H(x) are introduced, and fermions are ψ_±(x), χ_±(x), η_±(x) [17].^4 The latticization keeps two supercharges Q_±, which transform the fields as

Q_+U_μ(x) = iψ_{+μ}(x)U_μ(x) , Q_−U_μ(x) = iψ_{−μ}(x)U_μ(x) , Q_+ψ_{+μ}(x) = iψ_{+μ}(x)ψ_{+μ}(x) − i ( ϕ(x) − U_μ(x)ϕ(x + μ̂)U_μ(x)^† ) , Q_−ψ_{−μ}(x) = iψ_{−μ}(x)ψ_{−μ}(x) + i ( ϕ̄(x) − U_μ(x)ϕ̄(x + μ̂)U_μ(x)^† ) , Q_−ψ_{+μ}(x) = i 2 {ψ_{+μ}(x), ψ_{−μ}(x)} − i 2 ( C(x) − U_μ(x)C(x + μ̂)U_μ(x)^† ) − H̃_μ(x) , Q_+ψ_{−μ}(x) = i 2 {ψ_{+μ}(x), ψ_{−μ}(x)} − i 2 ( C(x) − U_μ(x)C(x + μ̂)U_μ(x)^† ) + H̃_μ(x) ,

Q_+H̃_μ(x) = − 1 2 [ ψ_{−μ}(x), ϕ(x) + U_μ(x)ϕ(x + μ̂)U_μ(x)^† ] + + 1 4 [ ψ_{+μ}(x), C(x) + U_μ(x)C(x + μ̂)U_μ(x)^† ] + + i 2 ( η_+(x) − U_μ(x)η_+(x + μ̂)U_μ(x)^† ) + + i 2 [ ψ_{+μ}(x), H̃_μ(x) ] + 1 4 [ψ_{+μ}(x)ψ_{+μ}(x), ψ_{−μ}(x)] , Q_−H̃_μ(x) = − 1 2 [ ψ_{+μ}(x), ϕ̄(x) + U_μ(x)ϕ̄(x + μ̂)U_μ(x)^† ] − − 1 4 [ ψ_{−μ}(x), C(x) + U_μ(x)C(x + μ̂)U_μ(x)^† ] − − i 2 ( η_−(x) − U_μ(x)η_−(x + μ̂)U_μ(x)^† ) + + i 2 [ ψ_{−μ}(x), H̃_μ(x) ] − 1 4 [ψ_{−μ}(x)ψ_{−μ}(x), ψ_{+μ}(x)] , (2.9)

Q_+B(x) = χ_+(x) , Q_+χ_+(x) = [ϕ(x), B(x)] , Q_−χ_+(x) = 1 2 [C(x), B(x)] − H(x) , Q_−B(x) = χ_−(x) , Q_−χ_−(x) = −[ϕ̄(x), B(x)] , Q_+χ_−(x) = 1 2 [C(x), B(x)] + H(x) , Q_+H(x) = [ϕ(x), χ_−(x)] + 1 2 [B(x), η_+(x)] − 1 2 [C(x), χ_+(x)] ,

4B^a(x), C^a(x), H̃^a_μ (x), H^a(x) are real, and ψ^a_±(x), χ^a_±(x), η^a_±(x) may be regarded as complexified Grassmann.

– 4 –

Q_−H(x) = [ϕ̄(x), χ_+(x)] − 1 2 [B(x), η_−(x)] + 1 2 [C(x), χ_−(x)] , (2.10)

Q_+C(x) = η_+(x) , Q_+η_+(x) = [ϕ(x), C(x)] , Q_−η_+(x) = −[ϕ(x), ϕ̄(x)], Q_−C(x) = η_−(x) , Q_−η_−(x) = −[ϕ̄(x), C(x)] , Q_+η_−(x) = [ϕ(x), ϕ̄(x)] , Q_+ϕ(x) = 0 , Q_−ϕ(x) = −η_+(x) , Q_+ϕ̄(x) = η_−(x) , Q_−ϕ̄(x) = 0 . (2.11)

The transformation leads the following nilpotency of Q_± (up to gauge transformations):

Q^2_+ = (infinitesimal gauge transformation with the parameter ϕ) , Q^2_− = (infinitesimal gauge transformation with the parameter − ϕ̄) , {Q_+, Q_−} = (infinitesimal gauge transformation with the parameter C) . (2.12)

We constructed the lattice action with exact Q_± symmetry as

S^{LAT}_{N =4} = Q_+Q_− 1 2g^2_0 ∑ x tr [ − iB(x)Φ(x) − 2∑ μ=1 ψ_{+μ}(x)ψ_{−μ}(x) −

− χ_+(x)χ_−(x) − 1 4 η_+(x)η_−(x) ] , (2.13)

where Φ(x) is given by (2.3). The action is invariant under the SU(2)_R transformation, whose generators are expressed as

J_{++} = ∑ x, a [ ∑ μ ψ^a_{+μ}(x) ∂ ∂ψ^a_{−μ}(x) + χ^a_+(x) ∂ ∂χ^a_−(x) − η^a_+(x) ∂ ∂η^a_−(x) +

+ 2ϕ^a(x) ∂ ∂C^a(x) − C^a(x) ∂ ∂ϕ̄^a(x) ] ,

J_{−−} = ∑ x, a [ ∑ μ ψ^a_{−μ}(x) ∂ ∂ψ^a_{+μ}(x) + χ^a_−(x) ∂ ∂χ^a_+(x) − η^a_−(x) ∂ ∂η^a_+(x) −

− 2ϕ̄^a(x) ∂ ∂C^a(x) + C^a(x) ∂ ∂ϕ^a(x) ] ,

J_0 = ∑ x, a [ ∑ μ ψ^a_{+μ}(x) ∂ ∂ψ^a_{+μ}(x) − ∑ μ ψ^a_{−μ}(x) ∂ ∂ψ^a_{−μ}(x) + χ^a_+(x) ∂ ∂χ^a_+(x) − − χ^a_−(x) ∂ ∂χ^a_−(x) + η^a_+(x) ∂ ∂η^a_+(x) − η^a_−(x) ∂ ∂η^a_−(x) + + 2ϕ^a(x) ∂ ∂ϕ^a(x) − 2ϕ̄^a(x) ∂ ∂ϕ̄^a(x) ] , (2.14)

with the script a being the index of a basis of the gauge group generators. They form the SU(2) algebra:

[J_0, J_{++}] = 2J_{++} , [J_0, J_{−−}] = −2J_{−−} , [J_{++}, J_{−−}] = J_0 . (2.15)

– 5 –

Under the SU(2)_R, each of (ψ^a_{+μ}, ψ^a_{−μ}), (χ^a_+, χ^a_−), (η^a_+, −η^a_−) and (Q_+, Q_−) transforms as a doublet, and (ϕ^a, C^a, −ϕ̄^a) as a triplet. We can easily see the SU(2)_R invariance of the action (2.13), because Q_+Q_−, tr(ψ_{+μ}(x)ψ_{−μ}(x)), tr(χ_+(x)χ_−(x)) and tr(η_+(x)η_−(x)) are SU(2)_R singlets. Also, the action has the symmetry of exchanging the two supercharges Q_+ ↔ Q_− with ϕ → −ϕ̄ , ϕ̄ → −ϕ , B → −B , χ_+ → −χ_− , χ_− → −χ_+ , H̃_μ → −H̃_μ , ψ_{±μ} → ψ_{∓μ} , η_± → η_∓ . (2.16)

After acting Q_±, the action is more explicitly written as

S^{2d LAT}

N =4 = 1 2g^2_0 ∑ x tr [ − i ( 1 2 [C(x), B(x)] + H(x) ) Φ(x) + H(x)^2 + iχ_−(x)Q_+Φ(x) − − iχ_+(x)Q_−Φ(x) − iB(x)Q_+Q_−Φ(x) − [ϕ(x), B(x)][ϕ̄(x), B(x)] − − 1 4 [C(x), B(x)]^2 + χ_+(x)[ϕ̄(x), χ_+(x)] − χ_−(x)[ϕ(x), χ_−(x)] + + χ_−(x)[C(x), χ_+(x)] − χ_−(x)[B(x), η_+(x)] − − χ_+(x)[B(x), η_−(x)] − 1 4 [ϕ(x), ϕ̄(x)]^2 − − 1 4 [ϕ(x), C(x)][ϕ̄(x), C(x)] − 1 4 η_−(x)[ϕ(x), η_−(x)] + + 1 4 η_+(x)[ϕ̄(x), η_+(x)] − 1 4 η_+(x)[C(x), η_−(x)] ] + + 1 2g^2_0 ∑ x 2∑ μ=1 tr [ H̃_μ(x)^2 − 1 2 ψ_{+μ}(x)ψ_{+μ}(x)ψ_{−μ}(x)ψ_{−μ}(x) + + ( ϕ(x) − U_μ(x)ϕ(x + μ̂)U_μ(x)^† ) × × ( ϕ̄(x) − U_μ(x)ϕ̄(x + μ̂)U_μ(x)^† ) + + 1 4 ( C(x) − U_μ(x)C(x + μ̂)U_μ(x)^† )_2 − − ψ_{+μ}(x)ψ_{+μ}(x) ( ϕ̄(x) + U_μ(x)ϕ̄(x + μ̂)U_μ(x)^† ) + + ψ_{−μ}(x)ψ_{−μ}(x) ( ϕ(x) + U_μ(x)ϕ(x + μ̂)U_μ(x)^† )

− iψ_{+μ}(x) ( η_−(x) − U_μ(x)η_−(x + μ̂)U_μ(x)^† ) − − iψ_{−μ}(x) ( η_+(x) − U_μ(x)η_+(x + μ̂)U_μ(x)^† ) − (2.17) − 1 2 {ψ_{+μ}(x), ψ_{−μ}(x)} ( C(x) + U_μ(x)C(x + μ̂)U_μ(x)^† ) ] .

Similarly to the N = 2 case, the gauge kinetic term, induced after integrating H(x) out, suffers from the problem of degenerate classical vacua.

– 6 –

In the previous paper [1], for both cases of N = 2, 4 theories in two-dimensional M ×M periodic lattice, we added the term

ΔS = 1 2g^2_0 ρ ∑ x tr (2 − U_{12}(x) − U_{21}(x)) (2.18)

with ρ =^1_{M s} (0 < s < 2) to resolve the vacuum degeneracy. This term breaks the exact supersymmetries Q and Q_± respectively, but it is tuned to vanish in the continuum limit. In what follows, we will consider to resolve the degeneracy keeping the exact supersymmetries without introducing ΔS.

3. Modification of Φ(x)

In order to single out the vacuum U_{12}(x) = 1 from (2.8), we add a term ΔΦ(x) to Φ(x):

Φ(x) → Φ(x) + ΔΦ(x) , ΔΦ(x) ≡ −r(2 − U_{12}(x) − U_{21}(x)) . (3.1)

There are many choices for the parameter r. First we shall take as

r = cot π 2N . (3.2)

For other choices, we will discuss later. Because the modification does not affect the Qexact structure of the actions, the exact supersymmetry Q is preserved for N = 2 case. Also the U(1)_R symmetry is kept intact, because the link variables do not transform under the U(1)_R transformation. For N = 4 case, from the same reasons, the modification keeps the Q_± supersymmetry as well as the SU(2)_R and Q_+ ↔ Q_− symmetries (2.14), (2.16).

The classical vacua are determined by

Φ(x) + ΔΦ(x) = 0 . (3.3)

U_{12}(x) can be expressed as the diagonalized form

U_{12}(x) = Ω(x) e^{iθ1(x)} . .. e^{iθN (x)} Ω(x)^† (3.4)

with Ω(x) ∈ SU(N), θ_N (x) ≡ −θ_1(x) − · · · − θ_{N−1}(x), and −π < θ_i(x) ≤ +π (i = 1, · · · , N − 1). Under this parameterization, the equation for the minima (3.3) reads

sin θ_1(x) = 2r sin^2 ( θ_1(x) 2 ) , . . sin θ_{N−1}(x) = 2r sin^2 ( θ_{N−1}(x) 2 ) , − sin(θ_1(x) + · · · + θ_{N−1}(x)) = 2r sin^2 ( θ_1(x) + · · · + θ_{N−1}(x) 2 ) . (3.5)

– 7 –

With the choice (3.2), the first N − 1 equations give the solutions θ_i(x) = 0 or^π_N (i = 1, · · · , N − 1). Among them, the last equation allows the only one combination (θ_1(x), . . . , θ_{N−1}(x)) = (0, . . . , 0) , (3.6) which is nothing but U_{12}(x) = 1. (Any other combinations of the solutions are not compatible to the last equation, because the l.h.s. is evaluated to be negative while the r.h.s. positive.)

Let us discuss about other choices of r. Parameterizing as r = cot φ, Φ(x) + ΔΦ(x) = −1 sin φ [ e^{−iφ}(1 − U_{12}(x)) + e^{iφ}(1 − U_{21}(x)) ] , (3.7)

where Φ(x) + ΔΦ(x) = 0 means that e^{−iφ}(1 − U_{12}(x)) is anti-hermitian. Configurations of U_{12}(x) giving the minima are expressed as U_{12}(x) = 1 − ie^{iφ}T (x) (3.8) with T (x) being hermitian. The eigenvalues of T (x) are denoted as t_i(x) (i = 1, · · · , N). The unitary condition U_{12}(x)U_{12}(x)^† = 1 determines t_i(x) as t_i(x) = 0 or − 2 sin φ for i = 1, . . . , N . (3.9) The unitarity alone does not uniquely fix t_i(x). However, the unimodular condition det U_{12}(x) = 1 (3.10) gives further constraints. For the case that ℓ eigenvalues of t_i(x) are −2 sin φ and the remaining N − ℓ are 0, (3.10) leads e^{i2ℓφ} = 1 . (3.11) Thus, taking φ such that e^{i2ℓφ} ≠ 1 for^∀ℓ = 1, . . . , N , (3.12) the equation Φ(x)+ΔΦ(x) = 0 has the unique solution t_1(x) = · · · = t_N (x) = 0, equivalent to U_{12}(x) = 1. Of course, the choice (3.2) satisfies (3.12).

No fermion doublers and renormalization. For N = 2 case, under the modification (3.1) with r = cot φ satisfying (3.12), our lattice action (2.6) has the unique minimum U_{12}(x) = 1, which justifies expanding the exponential of the link variables (1.1). Note that the modification ΔΦ(x) does not affect the classical continuum limit:

a → 0 with g^2 ≡ g^2_0 a^2 fixed . (3.13) Compared with Φ(x) giving O(a^2) contributions, ΔΦ(x) is of the negligible order O(a^4). Furthermore, it turns out that the shift of the fermionic part of the action tr[iχ(x)QΔΦ(x)] = tr [irχ(x) (QU_{12}(x) + QU_{21}(x))] (3.14)

– 8 – leads gauge-fermion interaction terms of the irrelevant order O(a^5), but not fermion kinetic terms. (Notice that fermionic variables are rescaled as (fermions) → a^{3/2}(fermions) when taking the continuum limit.) Thus, contribution to the fermion kinetic terms is not influenced by the modification, and no fermion doublers appear from the same argument as in the previous paper [1]. Indeed, the fermion kinetic terms are expressed as

S^{(2)}_f = a^4 2g^2_0 ∑ x,μ tr [ − 1 2 Ψ(x)^T γ_μ(Δ_μ + Δ^∗_μ)Ψ(x) − a 1 2 Ψ(x)^T P_μΔ_μΔ^∗_μΨ(x) ] , (3.15)

where fermions were combined as Ψ^T = ( ψ_1, ψ_2, χ,^1_2 η ) . The γ-matrices and P_μ are given by

γ_1 = −i ( 0 σ_1 σ_1 0 ) , γ_2 = i ( 0 σ_3 σ_3 0 ) , P_1 = ( 0 σ_2 σ_2 0 ) , P_2 = −i ( 0 1_2 −1_2 0 )

(3.16) with σ_i (i = 1, 2, 3) being Pauli matrices. Note that they all anticommute each other: {γ_μ, γ_ν } = −2δ_{μν} , {P_μ, P_ν } = 2δ_{μν} , {γ_μ, P_ν } = 0 . (3.17) Δ_μ and Δ^∗_μ represent forward and backward difference operators respectively:

Δ_μf(x) ≡ 1 a (f(x + μ̂) − f(x)) , Δ^∗_μf(x) ≡ 1 a (f(x) − f(x − μ̂)) . (3.18)

The kernel of the kinetic terms (3.15) is written in the momentum space −π/a ≤ q_μ < π/a as D = 2∑ μ=1 [ −iγ_μ 1 a sin (q_μa) + 2P_μ 1 a sin^2 (q_μa 2 )] . (3.19)

It is easy to see that the kernel D vanishes only at the origin q_1 = q_2 = 0, because using (3.17) we get

D^2 = 1 a^2 2∑ μ=1 [ sin^2 (q_μa) + 4 sin^4 (q_μa 2 )] . (3.20)

Thus, the fermion kinetic terms contain no fermion doublers.

For the renormalization, we can repeat the argument in [1] without introducing the supersymmetry breaking term ΔS. Gauge symmetry and the U(1)_R invariance allow the operator tr ϕϕ̄, while it is forbidden by the supersymmetry Q. Hence, radiative corrections do not generate relevant or marginal operators except the identity. Our modified lattice action is shown to flow to the desired continuum theory without any fine tuning.

For N = 4 case, the arguments go completely parallel. The fermion kinetic terms are represented in the same form as (3.15) with Ψ^T = (ψ_{+1}, ψ_{+2}, χ_+,^1_2 η_+, ψ_{−1}, ψ_{−2}, χ_−,^1_2 η_−)

– 9 – and

γ_1 = −i σ_1 −iσ_2 iσ_2 σ_1

, γ_2 = −i −σ_3 1_2 1_2 −σ_3 ,

P_1 = −i iσ_2 −σ_1 σ_1 iσ_2 , P_2 = −i

1_2 σ_3 −σ_3 −1_2

. (3.21)

The matrices satisfy the anticommuting relation (3.17) again, which leads (3.20) indicating nonexistence of fermion doublers.

Gauge invariance and the SU(2)_R symmetry allow the operators tr(4ϕϕ̄+C^2) and tr B^2, but they are not admissible from the supersymmetry Q_±. Thus, no relevant or marginal operators appear through the loop effect except the identity operator. The continuum N = 4 theory is obtained with no tuning of parameters.

In this modification, the unimodular condition of SU(N) has an important role to single out the vacuum U_{12}(x) = 1. This kind of modification would not be useful for other gauge groups such as U(N). In the next section, we consider another modification, which will be applicable to more general cases, by imposing the admissibility conditions on plaquette variables. The G = U(N) case is not highly motivated from continuum SYM theories, because of the degrees of freedom corresponding to the U(1) factor decoupled. Almost the interesting dynamics is involved in the remaining SU(N) part. It is however certainly meaningful to present another kind of modification in the lattice models.

4. Admissibility conditions

As another modification to single out the vacuum U_{12}(x) = 1 from (2.8), we impose the so-called admissibility condition

||1 − U_{12}(x)|| < ϵ (4.1)

on each plaquette variable. For definiteness, we use the following definition of the norm of a matrix A: ||A|| ≡ [ tr ( AA^† )]_{1/2} , (4.2)

and then ϵ is a positive number chosen as^5 0 < ϵ < 2 √ 2. The same kind of condition was introduced for gauge fields coupled to the Ginsparg-Wilson fermions [18]. Notice that (4.1) is a gauge invariant statement and that ||1 − U_{12}(x)||^2 is proportional to the standard Wilson action:

||1 − U_{12}(x)||^2 = tr [2 − U_{12}(x) − U_{21}(x)] . (4.3)

5If we apply for G = U(N) case, ϵ should be chosen as 0 < ϵ < 2, because any combination of ±1 in (2.8) is allowed with no restriction to the number of ‘−1’.

– 10 –

We modify the action of the N = 2 theory as follows: when ||1 − U_{12}(x)|| < ϵ,

Ŝ^{LAT}_{N =2} = Q 1 2g^2_0 ∑ x tr [ 1 4 η(x) [ϕ(x), ϕ̄(x)] − iχ(x)Φ̂(x) + χ(x)H(x) +

+ i 2∑ μ=1 ψ_μ(x) ( ϕ̄(x) − U_μ(x)ϕ̄(x + μ̂)U_μ(x)^† ) ] , (4.4)

and when ||1 − U_{12}(x)|| ≥ ϵ, Ŝ^{LAT}_{N =2} = +∞ . (4.5)

Here Φ̂(x) = Φ(x) 1 −^1_{ϵ2} ||1 − U_{12}(x)||^2

. (4.6)

The form of the action is somewhat similar to that of U(1) gauge theory constructed by Lüscher [19]. Note that the Boltzmann weight exp [ −Ŝ^{LAT}_{N =2} ] is a product of local factors, which guarantees the locality of the theory. Also, it is easily seen that the Boltzmann weight is smooth and differentiable with respect to lattice variables for the region except the boundary ||1 − U_{12}(x)|| = ϵ . (4.7)

Let us look closer at the smoothness on the boundary. For the partition function Z = ∫ [d (fields)] exp [ −Ŝ^{LAT}_{N =2} ] , (4.8)

after the integration over H(x) and fermions, the relevant parts of the Boltzmann weight are evaluated as ∑ {c(x)} d({c(x)}) ∏ x B(c(x)) , (4.9)

B(c(x)) ≡ ( 1 1 −^1_{ϵ2} ||1 − U_{12}(x)||^2 )_{c(x)} exp [ − 1 8g^2_0 tr(2 − U_{12}(x)^2 − U_{21}(x)^2) ( 1 −^1_{ϵ2} ||1 − U_{12}(x)||^2

)_2 ] (4.10)

near the boundary. Here, c(x) takes N^2 − 1 or 2(N^2 − 1) for each x, and d({c(x)}) are irrelevant factors. It is smooth and differentiable on the boundary, which is essentially same as the fact that the function f(t) = {_1 t^n e −c/t^2 for t > 0

0 for t ≤ 0

(4.11)

with c positive constant is smooth and differentiable at t = 0 for n = 0, 1, 2, . . .. Similarly, for the unnormalized correlation function among the finite number of operators O_1, · · · , O_k: ∫ [d (fields)] O_1 · · · O_k exp [ −Ŝ^{LAT}_{N =2} ] , (4.12)

the Boltzmann weight is smooth and differentiable on the boundary (4.7), as long as the operators contain the finite number of H(x) for each x. (Compared to the case of the

– 11 – partition function, all the essential difference is that some of the powers c(x) in (4.10) are shifted by finite amount, which does not affect the smoothness.) It leads the Q invariance of the Boltzmann weight as the following form: ∫ [d (fields)] O_1 · · · O_kQ ( exp [ −Ŝ^{LAT}_{N =2} ]) = 0 . (4.13)

If we simply imposed (4.1) just by putting the step functions ∏ x θ ( ϵ^2 − ||1 − U_{12}(x)||^2 ) (4.14)

in front of the Boltzmann weight exp [ −S^{LAT}_{N =2} ] with the original action (2.2), the supersymmetry Q would be broken due to the contribution from the boundary (4.7). The modification of the action (4.4), (4.5) however makes the breaking effect completely suppressed, and maintains the supersymmetry.

We may expand the exponential of the link variable (1.1), and the action leads to the N = 2 SYM theory in the classical continuum limit (3.13). Note that ϵ is independent of the lattice spacing a. Also, the modification to the fermionic part of the action reads tr [ iχ(x) QΦ̂(x) ] = 1 1 −^1_{ϵ2} ||1 − U_{12}(x)||^2 tr [iχ(x) QΦ(x)] − − tr [iχ(x)Φ(x)] ( 1 −^1_{ϵ2} ||1 − U_{12}(x)||^2

)_2 1 ϵ^2 tr [QU_{12}(x) + QU_{21}(x)] , (4.15)

where the second term contributes to gauge-fermion interaction terms of the irrelevant order O(a^8) but not to fermion kinetic terms. Thus, the modification does not affect the fermion kinetic terms, and the absence of fermion doubling is shown again as in the previous section. Since the U(1)_R symmetry is kept intact under the modification, we can do the same renormalization argument as in the previous section to conclude that the desired continuum theory is obtained without any fine tuning.

For the case of N = 4 theory, similar modification is possible: when ||1 − U_{12}(x)|| < ϵ,

Ŝ^{LAT}_{N =2} = Q_+Q_− 1 2g^2_0 ∑ x tr [ − iB(x)Φ̂(x) − 2∑ μ=1 ψ_{+μ}(x)ψ_{−μ}(x) −

− χ_+(x)χ_−(x) − 1 4 η_+(x)η_−(x) ] , (4.16)

and when ||1 − U_{12}(x)|| ≥ ϵ, Ŝ^{LAT}_{N =4} = +∞ . (4.17) Φ̂(x) is same as (4.6). Similarly to the N = 2 case, the locality of the theory is satisfied, and the Boltzmann weight exp [ −Ŝ^{LAT}_{N =4} ] is smooth and differentiable. It leads the Q_± invariance of the Boltzmann weight in the same sense as (4.13). Also, the SU(2)_R and Q_+ ↔ Q_− symmetries (2.14), (2.16) are not influenced by the modification. Arguments about the classical continuum limit, the absence of fermion doubling and the renormalization go without introducing the supersymmetry breaking term ΔS. The modified lattice action gives the desired continuum theory without any tuning of parameters.

– 12 –

5. Summary and discussions

In this paper, two-dimensional SU(N) super Yang-Mills theories with N = 2, 4 supersymmetries have been constructed on the square lattice, keeping one or two supercharges exactly. We have resolved a problem of the degenerate classical vacua, which was encountered in the previous paper [1], with keeping the exact supersymmetry. Thus, any supersymmetry breaking terms do not need to be introduced, and the formulations exactly realize the supersymmetries Q or Q_± at the lattice level. Our lattice models define the continuum SYM theories without any fine tuning.

We have presented two different kinds of modifications of the actions to resolve the problem. One is a simple modification to add the term ΔΦ(x) to the function Φ(x), where the unimodular condition of the gauge group SU(N) is crucial to single out the vacuum U_{12}(x) = 1. The other is to impose the admissibility condition on each plaquette variable U_{12}(x) with changing the action somewhat analogous to ref. [19]. It will be also applicable to other gauge groups with an appropriate choice of ϵ. It would be worth while to pursue the direction of the second modification to discuss topological structures of the space of the admissible lattice gauge fields as in [19].

It is interesting to consider appropriate modifications to four-dimensional models with

Φ_A(x) = −i

U_{A4}(x) − U_{4A}(x) + 1 2 3∑

B,C=1

ε_{ABC} (U_{BC}(x) − U_{CB}(x))

, (5.1)

which correspond to N = 2, 4 theories [20]. Even if suitable modifications are found and exact supersymmetries are realized at the lattice level, generically four-dimensional models would need some fine tuning of parameters to define the desired continuum limit. For the N = 4 case, however the situation might seem to be subtle, because it is believed to receive no quantum corrections in any order of the perturbation theory (for example, see [21]). It would be intriguing to compute radiative corrections in the lattice perturbation theory for the modified N = 4 model with the exact Q_± supersymmetry.

Since the same kind of degeneracy problem exists in models proposed in ref. [4], the methods discussed here might be useful to resolve the difficulty there.

Acknowledgments

The author would like to thank S. Iso, Y. Kikukawa and H. Umetsu for variable discussions, and H. Itoyama, Y. Okada and H. Suzuki for useful conversations. He also thank the theory group members of KEK and RIKEN for their warm hospitality during his stay.

References

[1] F. Sugino, A lattice formulation of super Yang-Mills theories with exact supersymmetry, J.

High Energy Phys. 01 (2004) 015 [hep-lat/0311021].

[2] P.H. Dondi and H. Nicolai, Lattice supersymmetry, Nuovo Cim. A41 (1977) 1.

– 13 –

[3] T. Banks and P. Windey, Supersymmetric lattice theories, Nucl. Phys. B 198 (1982) 226;

I. Ichinose, Supersymmetric lattice gauge theory, Phys. Lett. B 122 (1983) 68; J. Bartels and J.B. Bronzan, Supersymmetry on a lattice, Phys. Rev. D 28 (1983) 818; J. Bartels and G. Kramer, A lattice version of the Wess-Zumino model, Z. Physik C 20 (1983) 159;

R. Nakayama and Y. Okada, Supercurrent anomaly in lattice gauge theory, Phys. Lett. B 134 (1984) 241;

S. Nojiri, Continuous ‘translation’ and supersymmetry on the lattice, Prog. Theor. Phys. 74 (1985) 819;

G. Curci and G. Veneziano, Supersymmetry and the lattice: a reconciliation?, Nucl. Phys. B 292 (1987) 555;

K. Fujikawa, Supersymmetry on the lattice and the Leibniz rule, Nucl. Phys. B 636 (2002) 80 [hep-th/0205095].

[4] S. Elitzur, E. Rabinovici and A. Schwimmer, Supersymmetric models on the lattice, Phys.

Lett. B 119 (1982) 165.

[5] N. Sakai and M. Sakamoto, Lattice supersymmetry and the Nicolai mapping, Nucl. Phys. B 229 (1983) 173;

S. Catterall and S. Karamov, Exact lattice supersymmetry: the two-dimensional N = 2 Wess-Zumino model, Phys. Rev. D 65 (2002) 094501 [hep-lat/0108024]; Y. Kikukawa and Y. Nakayama, Nicolai mapping vs. exact chiral symmetry on the lattice, Phys. Rev. D 66 (2002) 094508 [hep-lat/0207013];

K. Fujikawa, N = 2 Wess-Zumino model on the D = 2 euclidean lattice, Phys. Rev. D 66 (2002) 074510 [hep-lat/0208015].

[6] D.B. Kaplan, Dynamical generation of supersymmetry, Phys. Lett. B 136 (1984) 162;

J. Nishimura, Four-dimensional N = 1 supersymmetric Yang-Mills theory on the lattice without fine-tuning, Phys. Lett. B 406 (1997) 215 [hep-lat/9701013]; N. Maru and J. Nishimura, Lattice formulation of supersymmetric Yang-Mills theories without fine-tuning, Int. J. Mod. Phys. A 13 (1998) 2841 [hep-th/9705152]; H. Neuberger, Vector like gauge theories with almost massless fermions on the lattice, Phys. Rev. D 57 (1998) 5417 [hep-lat/9710089];

D.B. Kaplan and M. Schmaltz, Supersymmetric Yang-Mills theories from domain wall fermions, Chin. J. Phys. 38 (2000) 543 [hep-lat/0002030];

G.T. Fleming, J.B. Kogut and P.M. Vranas, Super Yang-Mills on the lattice with domain wall fermions, Phys. Rev. D 64 (2001) 034510 [hep-lat/0008009];

I. Montvay, Supersymmetric Yang-Mills theory on the lattice, Int. J. Mod. Phys. A 17 (2002) 2377 [hep-lat/0112007].

[7] W. Bietenholz, Exact supersymmetry on the lattice, Mod. Phys. Lett. A 14 (1999) 51 [hep-lat/9807010].

[8] K. Itoh, M. Kato, H. Sawanaka, H. So and N. Ukita, Novel approach to super Yang-Mills theory on lattice: exact fermionic symmetry and ‘Ichimatsu’ pattern, J. High Energy Phys. 02 (2003) 033 [hep-lat/0210049].

[9] S. Catterall and S. Karamov, A lattice study of the two-dimensional Wess Zumino model, Phys. Rev. D 68 (2003) 014503 [hep-lat/0305002].

[10] A. Feo, Supersymmetry on the lattice, Nucl. Phys. 119 (Proc. Suppl.) (2003) 198 [hep-lat/0210015].

– 14 –

[11] D.B. Kaplan, E. Katz and M. Ünsal, Supersymmetry on a spatial lattice, J. High Energy Phys. 05 (2003) 037 [hep-lat/0206019].

[12] A.G. Cohen, D.B. Kaplan, E. Katz and M. Ünsal, Supersymmetry on a euclidean spacetime lattice, I. A target theory with four supercharges, J. High Energy Phys. 08 (2003) 024 [hep-lat/0302017]; Supersymmetry on a euclidean spacetime lattice, II. Target theories with eight supercharges, J. High Energy Phys. 12 (2003) 031 [hep-lat/0307012].

[13] J. Nishimura, S.-J. Rey and F. Sugino, Supersymmetry on the noncommutative lattice, J.

High Energy Phys. 02 (2003) 032 [hep-lat/0301025];

J. Giedt, E. Poppitz and M. Rozali, Deconstruction, lattice supersymmetry, anomalies and branes, J. High Energy Phys. 03 (2003) 035 [hep-th/0301048].

[14] J. Giedt, Non-positive fermion determinants in lattice supersymmetry, Nucl. Phys. B 668 (2003) 138 [hep-lat/0304006]; The fermion determinant in (4,4) 2D lattice super–Yang-Mills, Nucl. Phys. B 674 (2003) 259 [hep-lat/0307024]; Deconstruction, 2D lattice Yang-Mills and the dynamical lattice spacing, hep-lat/0312020.

[15] S. Catterall, Lattice supersymmetry and topological field theory, J. High Energy Phys. 05 (2003) 038 [hep-lat/0301028];

S. Catterall and S. Ghadab, Lattice sigma models with exact supersymmetry,

hep-lat/0311042.

[16] E. Witten, Topological quantum field theory, Commun. Math. Phys. 117 (1988) 353;

Introduction to cohomological field theories, Int. J. Mod. Phys. A 6 (1991) 2775.

[17] C. Vafa and E. Witten, A strong coupling test of S duality, Nucl. Phys. B 431 (1994) 3 [hep-th/9408074];

R. Dijkgraaf and G.W. Moore, Balanced topological field theories, Commun. Math. Phys. 185 (1997) 411 [hep-th/9608169];

M. Blau and G. Thompson, Aspects of N(T ) ≥ 2 topological gauge theories and D-branes, Nucl. Phys. B 492 (1997) 545 [hep-th/9612143];

J.M.F. Labastida and C. Lozano, Mathai-Quillen formulation of twisted N = 4 supersymmetric gauge theories in four dimensions, Nucl. Phys. B 502 (1997) 741 [hep-th/9702106].

[18] P.H. Ginsparg and K.G. Wilson, A remnant of chiral symmetry on the lattice, Phys. Rev. D 25 (1982) 2649;

P. Hasenfratz, Prospects for perfect actions, Nucl. Phys. 63 (Proc. Suppl.) (1998) 53 [hep-lat/9709110];

H. Neuberger, Exactly massless quarks on the lattice, Phys. Lett. B 417 (1998) 141 [hep-lat/9707022]; More about exactly massless quarks on the lattice, Phys. Lett. B 427 (1998) 353 [hep-lat/9801031];

P. Hernandez, K. Jansen and M. Lüscher, Locality properties of Neuberger’s lattice Dirac operator, Nucl. Phys. B 552 (1999) 363 [hep-lat/9808010].

[19] M. Lüscher, Abelian chiral gauge theories on the lattice with exact gauge invariance, Nucl.

Phys. B 549 (1999) 295 [hep-lat/9811032].

[20] F. Sugino, work in progress.

[21] S. Mandelstam, Light cone superspace and the ultraviolet finiteness of the N = 4 model, Nucl.

Phys. B 213 (1983) 149.

– 15 –